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ABSTRACT 
A finite group is called a PC-group if none of its irreducible complex characters i induced by 
any character of a proper subgroup. The structure of PC-groups is determined. Hereby the 
classification of  the finite simple groups plays an essential role. 
1. INTRODUCTION 
In studying the complex character theory of a finite group G one will notice 
that some of the irreducible characters of G can be obtained by inducing a 
character of a proper subgroup, whereas others cannot be obtained in this way. 
Hereby two extreme cases occur. On the one hand it can happen that every 
irreducible character of G is induced from a linear (i.e. degree 1) character of 
a subgroup. The group G is then called an M-group, as all its irreducible 
characters are monomial. On the other hand it can happen that none of the 
irreducible characters of G can be obtained by inducing any character of a 
proper subgroup. Let us call such a group G a PC-group, for all its irreducible 
characters are primitive. 
The main object of our paper will be the determination of the structure of 
PC-groups. It turns out that although the definition of PC-groups is character 
theoretic, a purely group theoretic description of PC-groups can be given. As 
we shall see our main result leaves us with the determination of the (quasi)- 
simple PC-groups, which in principle can be carried out now the problem of 
classifying all finite simple groups has been settled. See also the remarks made 
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after (6.3) below. Moreover in section 3 the behaviour of PC-groups under 
isoclinism of groups is investigated. 
Of course every abelian group is a PC-group. We shall see below that 
solvable PC-groups must be abelian. So whereas M-groups lead to the study of 
solvable groups (see Taketa's Theorem, [9], Corollary (5.13)), PC-groups give 
rise to the consideration of non-solvable groups, whence non-abelian (quasi)- 
simple groups. As such it is shown in [3] that certain alternating roups are 
PC-groups, the smallest non-abelian among them being A 7. 
The principal result of this paper is presented in the following theorem. 
THEOREM A. A group G is a non-abelian PC-group if and only i f  there exist 
quasisimple subgroups QI .....  Qr of  G such that 
(a) G = (QI"..." Qr)Z(G), 
(b) each Qi is a PC-group, 
(c) [Qi, Qj] = 1, whenever 1 < i< j<r .  
The proof of Theorem A uses the following result, which is interesting in its 
own right. 
THEOREM B. Let G = G 1 × G2. Then G is a PC-group if  and only i f  G l and G 2 
are PC-groups. 
The proof of Theorem B is the object of section 4. In fact something stronger 
is true, namely we prove a 'one character at a time' version of theorem B (see 
section 4 for a detailed statement). The proof of the 'only if' part of Theorem 
B is rather trivial, but the proof of the 'if' part causes erious difficulties. To 
overcome these we need a recent result of R.B. Howlett and I.M. Isaacs [7] on 
groups of central type, which in its turn relies on the classification of the finite 
simple groups. Moreover the proof of Theorem A uses a result of G. Seitz and 
W. Feit [4] dealing with actions of automorphisms on simple groups, which also 
depends on the simple group classification. 
All groups mentioned in this paper are finite, all characters considered are 
complex. Our notation follows [8] and [9], or is otherwise standard or self- 
explanatory. 
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2. PRIMITIVE CHARACTERS 
Recall that an irreducible character of a group G is said to be primitive if it 
cannot be obtained by inducing any character of a proper subgroup of G. 
(2.1)  DEFINITION. A group is a PC-group if every irreducible character is 
primitive. 
64 
Note that abelian groups are trivial examples of PC-groups. Non-abelian PC- 
groups do exist indeed; in [3] it is shown that if n ~ 2m 2 (m e 7/) the alternating 
group AEn+l is a PC-group. 
Now we give some preliminary results. 
(2.2) THEOREM. Let G be a PC-group and A an abelian normal subgroup 
of  G. Then A c_ Z(G). 
PROOF. Let ze l r r (G) .  As X is primitive, we must have XA =Z(1)2 for some 
linear 2 ~ Irr(A) (see [9], Corollary (6.12)). Hence A c_ Z(Z). We conclude that 
A c f3 {Z(x) :Z ~ Irr(G)}. Since Z(G) = f'l {Z(z) !X ~ Irr(G)} by [9], Corollary 
(2.28), A cZ(G) holds. [] 
(2.3) THEOREM. Let G be a PC-group and N~ G. Then G/N is a PC-group. 
PROOF. This follows immediately from the following slightly more general 
assertion, which is well-known to be true: if Z E Irr(G/N), then Z is primitive 
for G if and only if X is primitive for G/N. [] 
If a group is an M-group and a PC-group at the same time, all of its irre- 
ducible characters must be linear. Hence the group in question is abelian. This 
observation is used to prove the next result. 
(2.4) THEOREM. Let G be a PC-group. Then G'= G'. 
PROOF. By (2.3) G/G" is also a PC-group. Now G/G" is metabelian and it is 
well-known that metabelian groups are M-groups (see [8], V, Satz 18.4). Hence 
G/G" is abelian, so G'c_G". By definition we have G"CG', so G'=G',  as 
desired. [] 
An equivalent form of the following corollary appears as problem (6.6) in 
[9]. See also the remarks in (2.13) below. 
(2.5) COROLLARY. A solvable PC-group is abelian. 
Next we generalize (2.4). We need a lemma. 
(2.6) LEMMA. Let G be a PC-group and N~ G. Then [G,N] = N'. 
PROOF. By (2.3) G/N' is again a PC-group. But N/N'  is an abelian normal 
subgroup of G/N'. Hence (2.2) yields that [G,N] C N'. Since obviously 
N' c [G,N], it follows now that [G,N] = N'. [] 
(2.7) THEOREM. Let G be a PC-group and N~G.  Then N'=N". 
PROOF. By (2.3) we may assume that N '= 1. So (2.2) yields N'cZ(N) .  If 
N '> 1, then Z(N)<N and we let M/Z(N) be a minimal subgroup of N/Z(N). 
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Then M/Z(N) is cyclic and so M is abelian. Also by (2.6) we have [G,M] c_ 
c_ [G, N] = N" c_ Z(N) c_ M. Whence M~ G. Now (2.2) gives MaC_ Z(N), a contra- 
diction. [] 
(2.8) COROLLARY. Let G be a PC-group and N~ G. Then N & solvable if  
and only if Nc_ Z(G). 
PROOF. The 'if '  part is trivial, so assume N to be solvable. Then (2.7) yields 
N'= 1, whence N is abelian. Now apply (2.2). [] 
In general it is not true that a subgroup of a PC-group is again a PC-group. 
The next theorem shows that a non-abelian PC-group must contain a proper 
subgroup which is not a PC-group. 
(2.9) THEOREM. Let G be a PC-group all of  whose subgroups are also PC- 
groups. Then G is abelian. 
PROOF. Let G be counterexample of minimal order. Thus G is a non-abelian 
PC-group and all subgroups of G are PC-groups. It follows that every proper 
subgroup of G must be abelian. Then a theorem of O. Schmidt (see [8], 
III, Satz 5.1) asserts that G is solvable, whence abelian by (2.5), a contra- 
diction. [] 
We close this section with three easy though useful results. 
(2.10) PROPOSITION. Let G be a PC-group and N~G.  Then Z(N)= 
= NA Z(G). 
PROOF. As Z(N) is characteristic n N it follows that Z(N) is an abelian 
normal subgroup of G. Hence (2.2) implies Z(N)c  Z(G). So Z(N)c_ NOZ(G)  
and the converse inclusion is clear. [] 
(2.11) PROPOSITION. Let G be a PC-group and N~ G with Nc_ Z(G). Then 
Z( G /N)  = Z( G)/N. 
PROOF. It is clear that Z(G)/Nc_Z(G/N). Now put Z(G/N)=M/N,  so that 
M~ G and M/N is abelian, whence M' c_ Nc_ Z(G). Therefore M"--- 1. So M is 
a solvabte normal subgroup of G. Application of (2.8) gives Mc Z(G). [] 
(2.12) PROPOSITION. Let G be a PC-group with Fitting subgroup F(G). 
Then F(G) = Z(G) = C6(G'). Moreover Z(G) is the hypercentre of G. 
PROOF. In general Z(G)c_ hypercentre of G c_F(G). Now F(G) is nilpotent, 
whence solvable. By (2.8) we get F(G)c_ Z(G). This yields F(G)= Z(G) and the 
upper central series of G terminates at Z(G). Now if C= Cc(G'), then obvi- 
66 
ously Z(G) c_ C. Moreover [C, C'] c_ [C, G'] = 1, so that C' c_ Z(C) and hence C 
is solvable. Again (2.8) yields Cc_Z(G), so in fact C=Z(G), as desired. [] 
(2.13) REMARK. An irreducible character whose restriction to every normal 
subgroup is a multiple of an irreducible character is called quasi-primitive. Now 
one could define the class of QP-groups, i.e. groups all of whose irreducible 
characters are quasi-primitive. Note that a primitive irreducible character is 
quasi-primitive (see also [9], Corollary (6.12)). It follows that the class of QP- 
groups contains the class of PC-groups. All simple groups are, by lack of 
normal subgroups, QP-groups, but certainly not all of the simple groups are 
PC-groups (the alternating roup A 5 is a QP-group, but not a PC-group). The 
class of QP-groups is therefore rather large. However it is not difficult to show 
that solvable QP-groups are, just as solvable PC-groups, abelian. It is now 
easily checked that all the results in this section proved for PC-groups are valid 
for QP-groups too. 
3. ISOCLINISM AND PC-GROUPS 
In [6] P. Hall introduced a principle of classifying roups called isocfin&m. 
This is an equivalence relation on the class of all groups, which is weaker than 
isomorphism and such that all abelian groups fall into one equivalence class, 
namely they are equivalent o the trivial group. More precisely we have the 
following definition. 
(3.1) DEFINITION. Two groups G l and G 2 are  isoclinic, G1-G 2, if there 
exists a pair of isomorphisms (a, fl) with a:G1/Z(GI)~G2/Z(G2) and 
fl: G~G~ such that a induces fl in the following sense: whenever gl,hl ~ G1 
and g2 6 t~(glZ(Gl)), h2 E a(hlZ(Gl)), then ,8([g 1, hi] ) = [g2, hE]. 
Now a theorem of J.C. Bioch and R.W. van der Waall states that mono- 
miality is a class invariant in the sense of Hall, see [2], Theorem 4.6. That is, 
if G 1 is an M-group and G 2 is a group such that G 1-  G 2, then G 2 is also an 
M-group. In this section we shall prove an analogous result for PC-groups. 
We shall not go into the elementary properties of isoclinisms and merely refer 
to [6]. Notably we need the following lemma. 
(3.2) LEMMA. Let G be a group, H<<_G and N~G.  
(a) G-H if and only i f  G=HZ(G). 
(b) G-  G/N  if  and only i f  NN G' = 1. 
PROOF. See [6], pages 134 and 135. [] 
(3.3) LEMMA. Let G be a group. Assume N~ G satisfies NN G' = 1. Then G 
is a PC-group if  and only i f  G /N  is a PC-group. 
PROOF. The 'only if' part follows from (2.3). So let us prove the 'if '  part. Let 
t: ~ Irr(G) be imprimitive, that is there exists a proper subgroup H of G and a 
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e Irr(H) with X = ~c. By transitivity of character induction we may assume 
that H is a maximal subgroup of G. Observe that Nc_Z(G) as NC1G'= 1. So 
there exists a linear 2 e Irr(N) with )CN=)~(1)2. 
We distinguish two cases: 
(i) G= HN. 
As Nc_Z(G), 2 is invariant in G. Put M=HNN.  As 2 is linear, P=2a4 is 
irreducible. As Mc Z(G) and [XM, P] ~:0 we have [~M,P] ~aO, SO ~M = ~(1)p. By 
Mackey's Theorem (see [8], V, Satz 16.9) we get (~M)N=(~(1)p)N=~(1)20= 
= (~G)N=Z(1)2, where 0 denotes the regular character of the abelian group 
N/M. Therefore N= M, whence G =H,  a contradiction. 
(ii) H= HN. 
In this case Nc_H. Now 2 has an extension ). to G'N=G'xN,  such that 
ker(~.) _9 G'. Thus ~ can be viewed as an irreducible character of the subgroup 
G'N/G' of the abelian group G/G', and thus 2 has an extension v to G. By a 
theorem of P.X. Gallagher (see [9], Corollary (6.17)) and the fact that 
D~,2°]~0, it follows that )¢=flv for some f lelrr(G/N). Now put ~=~V N. 
Clearly ~,elrr (H) .  As [XH,~]~0, we must have (N=~(1);t. Hence if heN,  
then ~v(n) = ((n)~(n) = ((1)2(n)X(n) = 4(1) = ¢/(1). We conclude that N_c ker(¢/). 
Finally ¢/°=((VH)°=~°v=Xg=flvv= ft. It follows that fl is induced from the 
character ~ of the proper subgroup H/N of G/N. This contradicts G/N being 
a PC-group. [] 
(3.4) THEOREM. Let GI and G2 be groups with GI - G2. Then GI is a PC- 
group if and only if G 2 is a PC-group. 
PROOF. By a theorem of Bioch and Weichsel (see [1], Theorem 1.4) there 
exists a group G containing normal subgroups N~ and N 2 such that G/N~ = G~, 
G/N  2 = G 2 and G 1 -G-G 2. So if G 1 is a PC-group, then by (3.2)(b) and (3.3) 
G is a PC-group. Hence (2.3) gives that G2 is a PC-group, as desired. The 
argument is clearly symmetric in G~ and G 2. [] 
There exists a generalization of the concept of isoclinism, also due to P. Halt, 
which is called n-isoclinisrn (n a non-negative integer). Here 0-isoclinism is the 
same as isomorphism and 1-isoclinism is the same as isoclinism. See also [I] for 
the exact definition. Although we will not need and therefore not prove the 
following theorem, it is still worth mentioning the result, because a similar 
assertion for M-groups is unknown to be true. 
(3.5) THEOREM. The property of  being a PC-group is invariant under n- 
isoclinism if and only if n ~ {0, 1 }. 
4. DIRECT PRODUCTS 
Suppose that a group G is the direct product of two groups GI and G 2. Let 
X e Irr(G). Then ;( =;tl ®Z2, for certain Xie Irr(Gi) (i= 1,2). It is not difficult 
to show that if ;t~ and Z2 are monomial, then X is monomial. Also, if Z is 
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quasi-primitive, then ,~1 and X2 are quasi-primitive. In this section we investi- 
gate similar assertions in case of primitive characters. 
(4.1) THEOREM. Let G=GI×G2, xielrr(Gi) ( i=1,2) and let X-=XI~)X2 . 
Suppose that X is primitive. Then X1 and X2 are primitive. 
GI~ G 
1 
Fig. 1. 
PROOF. Assume that Xl = ~c, for some ~ e Irr(H), where H is a proper sub- 
group of G 1. We derive a contradiction. Now G1NHG2=H, GI~G and 
G= GI'HG2. Also, as G2 centralizes G l, ~ is invariant in HG2. Consider 
~(~)X2 e Irr(HG2). By Mackey's Theorem we have ((~®X2)c)o, =((~)X2)H) G', 
SO ((~QX2)°)Ol has X1 = ~c, as an irreducible constituent. Since X is the only 
irreducible character of G with L~c~,xi]#O (i= 1,2), it follows that X is an 
irreducible constituent of he character (~®X2) °. A comparison of character 
degrees now yields X = (~(~)X2) c. This is absurd, as X is primitive. Hence XI is 
primitive. A similar argument applies to X2- [] 
We are now going to prove the converse of (4.1), which is much more in- 
volved, for we have to appeal to the simple group classification. Recall that a 
group is said to be of central type if it possesses an irreducible character 
vanishing off the centre. Equivalently, the degree of this character is the square 
root of the index of the centre. Originally the next result was a conjecture of 
Iwahori and Matsumoto (1964). After considerable effort it was finally proved 
by R.B. Howlett and I.M. Isaacs (see [7], Theorem (7.3)). The following 
theorem holds. 
(4.2) THEOREM (R.B. Howlett, I.M. Isaacs, 1982). Groups of central type 
are solvable. 
The proof of (4.2) uses the simple group classification. Now (4.2) has the 
following consequence. Let G be a group, N~G and O elrr (N) ,  with 0 
invariant in G. Then (G,N, O) is called a character triple. In this situation let 
X e Irr(GI0). Then XN=e8 for some positive integer e. It is not hard to see that 
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always e 2 _ IG:N[. When equality holds, g is said to be fully ramified over N. 
Moreover (G, N, 0) is then called a fully ramified character triple. 
(4.3) COROLLARY. Let (G,N,O) be a fully ramified character triple. Then 
G/N  is solvable. 
PROOF. By the theory of character triples (see [10], Theorem (8.2)) there 
exists a so-called 'isomorphic' fully ramified character triple (G* N*, 0") with 
G/N= G */N*, O* linear and faithful. Now let Z * ~ Irr(G *I 0"). Then (X *)N* = 
= e0 * with e_> 1. As g * is fully ramified over N* and 0 * is faithful, also Z * is 
faithful, whence Z(G*) = Z(Z*). But here Z(O*) = Z(X*) and because 0* is 
linear, Z(O*)=N*. So N*=Z(G*). Apparently e2=[G*:Z(G*)I and (4.2) 
applies. [] 
We have the following lemma. 
(4.4) LEMMA. Let G = G 1 X G2, ZiE Irr(Gi) (i= 1,2) and let g =Zl®Z2. 
Suppose that X is induced by a character of a proper subgroup of G that 
contains Gt. Then X2 is imprimitive. 
PROOF. Let H be a proper subgroup of G with H_~ G i, such that ~ ~ Irr(H) 
with (0 =Z. Of course G1 ~H and HA G2aH. Moreover G1(HN G2) =H and 
G1 tq (HN G2) = I. Hence H = G1 × (HN G2). So ~ = ~1 ® (2 with (1 e Irr(Gl) and 
~2 ~ Irr(HN G2). Now (GI = ~2(1)~1 • But, as [Z, (0] :~0 and Z1 is invariant in G, 
Zl must be an irreducible constituent of ~G,. We conclude that ~i =Zl. Hence 
~HnG2=Xl(1)~2. Observe that G=HG2. We can apply Mackey's Theorem to 
see that 
(~G)G2= XG2= XI(1)X2=(~HnG2)G2= XI(1)~ G2. 
It follows that ~2 =~2 G2" Since of course HNG2 is proper in G2, ~2 is not 
primitive, as desired. [] 
After all these preparations we are able to prove the converse of (4.1). 
(4.5) THEOREM. Let G=G1×G2, Xi~Irr(Gi) ( i=1,2) and let Z=XI(~)X2 •
Suppose that Xl and Z2 are primitive. Then Z is primitive. 
PROOF. Assume that H is a proper subgroup of G and ~ e Irr(H) with (6 = Z- 
By transitivity of character induction we may assume that H is a maximal 
subgroup of G. Now possibly H=HG1 or G=HG 1. But the first case is 
equivalent to H_~ GI and hence (4.4) applies, contradicting the fact that Z2 is 
primitive. Hence G =HGI and similarly G =HG2. 
Now put H i =HA G 1, so that H 1 a l l .  But HI c_ Gi and G2 centralizes Gi. 
As G = HG 2 it follows that in fact H l a G. Let O be an irreducible constituent 
of ~n,. We argue that 0 is invariant in H and hence in G. For let T---In(O), 
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the inertia group of 0 in H, and let ~/e Irr(TI0) the Clifford correspondent of
lying over 0. It follows that Z=~°=(~,H)°=~ G. Then put S=TG1 and 
(= ~s, so that X = (o. Again (4.4) yields that S is not a proper subgroup of G, 
whence G= TGI and H=HN TG1 = TH1 = T, proving the G-invariance of 0. 
Next let ~H, = e0, e--1. 
GI ~ G2 
1 
Fig. 2. 
Now observe that as H is maximal in G, G1/H1 must be a simple group. 
Namely any normal subgroup of G~ is in fact a normal subgroup of G, as G 2 
centralizes G~. Now Mackey's Theorem yields 
(~O)G, = Z2(1)Zl = (~H,) c' = e0 °'. 
Hence ~2(1)XI,zll =Z2(I)=eL~l, 0Oq, so elz2(l). Thus 
0 G' - Z2(1) Zl. 
e 
But 0 is invariant in G. We conclude that :Zl is fully ramified over H~. By (4.3) 
we have that Gl/Hl  is solvable. Since GI /H  l is also a simple group, it follows 
that IGl :H11 =p, for some prime p. However, this contradicts IG1 :Hll being a 
square. The proof of the theorem is now complete. [] 
The following is Theorem B. The proof is immediate from (4.1) and (4.5). 
(4.6) COROLLARY. Let G = G1 × G2. Then G & a PC-group if  and only i f  G1 
and G 2 are both PC-groups. 
There is another consequence we will need. 
(4.7) THEOREM. Let G be a group, N I ,N2~G such that G=NIN2 and 
[NI,N2] = 1 (i.e. G is an (internal) central product of  N 1 and N2). Then G is a 
PC-group if  and only i f  N 1 and N z are both PC-groups. 
PROOF. Obviously G=(N 1 ×NE)/D, where D={(z ,  z - I ) : zeN1NN2} (note 
that NIfqN2 c_ Z(G)). Hence if N l and N 2 are both PC-groups, then by (4.6) 
and (2.3) also G is a PC-group. 
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Conversely assume G is a PC-group and suppose N~ has an imprimitive 
irreducible character 0, say 0= ~N,, where ~ e Irr(H), with H a proper sub- 
group of N 1. We may assume that H is a maximal subgroup of N1. Then two 
cases occur: 
(i) H(N 1NN 2) = H. 
This is equivalent to N 1 NN 2 c_ H. Hence N l NHN 2 = (N l AN2)H= H. As N 2 
centralizes N 1 it follows that ~ is invariant in HN 2. But then Corollary (4.3) of 
[11] applies, hence induction defines here a bijection Irr(HN21~)~Irr(GlO). 
This contradicts G being a PC-group, unless G = HN 2. However this implies 
Nl = N1 N HN2 = H, another contradiction. 
(ii) H(N IAN2)=N~. 
In this case N~ c_ HN2 and hence G = HN2. It follows that H~ G. This forces 
to be invariant in the PC-group G. In particular ~ is invariant in N~. But this 
is incompatible with 0 being induced by ~. 
We conclude that N1 is a PC-group. A similar argument applies to N2. Also 
N 2 is a PC-group. [] 
5. T-GROUPS 
In this section it is shown that the class of PC-groups is contained in the class 
of groups in which normality is a transitive relation. In fact this is already true 
for QP-groups. We have the following definition. 
(5.1) DEFINITION. A group is said to be a T-group if every subnormal 
subgroup is normal. 
Otherwise stated, a group G is a T-group if M~N~ G always implies M~ G. 
Observe that a factor group or a subnormal subgroup of a T-group is again a 
T-group. Examples of T-groups are Dedekind groups, i.e. groups in which 
every subgroup is normal. Any simple group is a trivial example of a T-group 
and, as we shall see in section 6, this is just about the reason why PC-groups 
are T-groups. Before establishing this property, let us first mention two 
standard results on T-groups, which should be compared with (2.5) and (2.12) 
above. For proofs we refer to [12], 13.4.1 and 13.4.2. 
(5.2) THEOREM (D.J.S. Robinson). A solvable T-group is metabelian. 
(5.3) THEOREM. Let G be a T-group. Then the Fitting subgroup F(G) of  G 
is a Dedekind group. Moreover F(G) = Co(G'). 
I f  G is a group and X e Irr(G) is primitive, then standard Clifford theory 
implies that for any NaG we have xN=e0 for some 0e l r r (N)  and e>_ 1 (see 
[9], Corollary (6.12)). In particular O is invariant in G. It follows that if N is 
a normal subgroup of a PC-group G, every element of Irr(N) is invariant in G. 
(5.4) THEOREM. A PC-group is a T-group. 
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PROOF. Let N~G and 0e l r r (N) .  As remarked above, 0 is invariant in G, 
that is G=Io(O). Now in general ker(O)~Io(O). Therefore the kernel of any 
irreducible character of N is normal in G. Any normal subgroup of N can be 
obtained by intersecting some of these kernels. More specifically, if M~ N, then 
M= ker(regular character of N/M)  = fq { ker(0): 0 e Irr(N), Me_ ker(0)}. 
Hence M~G.  [] 
We remark that the converse of (5.4) is not true. For instance the quaternion 
group Q of order 8 is a non-abelian solvable T-group, but Q is not a PC-group. 
Also, in absence of non-trivial normal subgroups the alternating roup A s is a 
T-group, but A5 has a monomial character of degree 5 and is therefore not a 
PC-group. 
It is not difficult to show that if G is a group, N~ G such that G/Nis abelian, 
then any primitive irreducible character of G, restricted to N, remains irre- 
ducible. If G is a PC-group something stronger is true. 
(5.5) THEOREM. Let G be a PC-group, N~G and 0elrr (N) .  Then 
ON" e Irr(N'). 
PROOF. Fix a 0e l r r (N) .  Let X={H:N '<H<N and 0Helrr(H)}.  Observe 
y~e0, as Ne  W.. Also note that every element of .~is a normal subgroup of N. 
Now take He  Xof  least possible order. If H=N',  then we are done. So we may 
assume that H~N' .  Then choose K<H, K~_ N' such that H/K  is a chief factor 
of N. Since N/N'  is abelian, we must have that H/K is cyclic of prime order 
p. Now put 0H= v/e l r r (H)  and choose ~ e Irr(K) with [q/K, ~] S0. By (5.4) G 
is a T-group. Hence K~ G. Then, as G is a PC-group, it follows that ~u/~ =e~ 
for some e___ 1. On the other hand IH:KI--p, so Corollary (6.19) in [9] implies 
that ~,n is irreducible or ~,~ = ~1 +..- + (p, where (1 = ~ and the ~i's are distinct 
and irreducible. But the first case contradicts the choice of H and the latter 
contradicts q/K= e(. We conclude that ON' is irreducible. [] 
Our theorems (2.7) and (5.5) make it plausible that a normal subgroup of a 
PC-group is a PC-group itself. This is true indeed, but it follows as a corollary 
of the main Theorem A, to be proved in the next section. At this moment we 
prove the result for normal Hall subgroups and for this special kind of normal 
subgroups we even have a stronger assertion. We need a lemma. 
(5.6) LEMMA. Let G = HN with H <_ G and N ~ G. Suppose that 
gcd(IH 1, I N 1)= 1 and that all the irreducible characters of N are H-invariant. 
Then H~ G, whence in particular G = H×N. 
PROOF. The proof uses Brauer's Permutation Lemma (see [9], Theorem 
(6.32)) and is left to the reader. [] 
(5.7) THEOREM. Let G be a PC-group and N a normal Hall subgroup of G. 
Then G=H×N for some H<_G and in particular N is a PC-group. 
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PROOF. By the Schur-Zassenhaus Theorem there exists an H<_G with 
G = HN and HNN= 1. As G is a PC-group all irreducible characters of N are 
invariant in G. Now apply (5.6) and then (4.6). [] 
6. THE STRUCTURE OF PC-GROUPS 
In order to disentangle the structure of PC-groups we use the following 
result, due to G. Seitz and W. Feit [4], which relies on the simple group classi- 
fication. 
(6.1) THEOREM. (G. Seitz, W. Feit, 1984). Let G be a simple group and let 
aeAut (G) .  Suppose that a[(g] = g~for all conjugacy classes ~ of G. Then 
a e Inn(G). 
This has the following consequence. 
(6.2) THEOREM. Let G be a PC-group and let S be a non-abefian simple 
normal subgroup of G. Then G = S x Co(S). In particular S is a PC-group. 
PROOF. G acts on S by conjugation. As G is a PC-group all the irreducible 
characters of S are invariant in G. Hence Brauer's Permutation Lemma 
yields that G leaves every conjugacy class of S invariant. It follows from 
(6.1) that G=SCc(S). Of course Cc(S)~G and SNCo(S)=Z(S)= 1. Hence 
G=SxCc(S  ). Now apply (2.3) or (4.6) to see that S is a PC-group. [] 
Before we shall prove the main result of this paper, we recall the following 
definition. 
(6.3) DEFINITION. A group G:~I is said to be quasisimple if G=G' and 
G/Z(G) is simple. 
For example, if G=SL2(~:q) with q odd, q>3,  then G is quasisimple, but 
not simple, as Z(G) has order 2 (SLz([]z3) is solvable, whence not perfect). 
If G is quasisimple, then G is a so-called covering roup of G/Z(G). By the 
simple group classification all possible covering roups of a given simple group 
can be determined (see [5], 1.1.5). As to the classification of PC-groups, it 
remains to compute which of the covering groups are in fact PC-groups. The 
following is Theorem A. 
(6.4) THEOREM. A group G & a non-abelian PC-group if and only if 
G = Ol'..." Qr" Z(G) (r>_ l), where each Qi is a quasisimple PC-subgroup of G 
and [Qi, Qj] = I, whenever 1<_i<j<r. 
PROOF. First let G be a non-abelian PC-group and put 0 = G/Z(G). By (2.3) 
O is a PC-group and by (2.11) O has trivial centre. Hence according to (2.2) 
O has all its minimal normal subgroups non-abelian. Observe that a minimal 
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normal subgroup of O is necessarily non-abelian simple, as by (5.4) O is a 
T-group. Now let {$1 ..... St} be the set of all the different minimal normal 
subgroups of O. Note that SiNSj= i, whenever 1<_i<j<_r. Now consider $1. 
By (6.2) we have 0 = S l × Co(S 0. Moreover (2.3) yields that $1 and Co(S 0 are 
both PC-groups. As S INS2=i ,  $2¢_C0(S1). Now $2 is a minimal normal 
subgroup of C~(S1), because t~ is a T-group. Then apply (6.2) again to 
Co(SO. It follows that 0 = S l x S 2 × (Co(SI)O C0($2) ). Repetition of the above 
argument yields 
0 = S 1 x. . .  x Sr X L, where L = A Co(Si). 
i=1  
Observe that L ~ G and L t"l Si = i for all i = 1 ..... r. We claim that L = i. For 
if L :e i, then we can find a minimal normal subgroup K of O, contained in L. 
Then K must be one of the Si, a contradiction. We conclude that 
G/Z(G)  = S 1 ×... × Sr, 
where each Si is a non-abelian simple PC-group. 
Suppose r= 1. Thus G/Z(G)=S l and it follows that G=G'Z(G).  Then 
(3.2)(a) asserts that G and G' are isoclinic, whence (3.4) implies that G' is a 
PC-group. Further (2.4) asserts that G' is perfect and (2.10) yields G'f"IZ(G)= 
= Z(G'). So G'/Z(G')  = G/Z(G) = SI, whence G' is a quasisimple PC-group, as 
desired. 
Now assume that r _2 .  Let Si=Ti/Z(G ) (i=1 .. . . .  r). Hence Ti~G,  
T i f )T j=Z(G)  (i--gj) and G=T~' . . . 'T r .  Also Z(T~)=Z(G) by (2.10). It 
follows that Ti= T:Z(G), as Si is non-abelian simple. So we can write 
G = T[. . . . .  Tr'Z(G). Put Qi = T[. Remark that Qi~ 1, as Si--gi. As Ti = T:Z(G), 
it follows that Qi=Q'i (or use (2.7)). Also (2.10) yields Qi/Z(Qi)=Si . Hence 
each Qi is a quasisimple normal subgroup of G. Since r_>2, it follows that, 
whenever i-¢j, [Qi, Qj] c_ Qi("l Qj c_ TiN Tj = Z(G). So [Qi, [Qi, Qjll -- I. Now 
using the fact that Qi is perfect, an application of the Three Subgroup Lemma 
gives [Qi, Qj] = 1, whenever i--/:j. Note that his implies [Ti, Tj] = 1, whenever 
i=#,j. Since for a fixed i we have TiC) IIj,i Tj= Z(G), we conclude that G is an 
(internal) central product of the normal subgroups T I, ..., T r. So (4.7) gives 
inductively that each T i is a PC-group. Moreover (3.2)(a) and the fact that 
Ti = QiZ(G) imply that Qi is isoclinic to T i, so (3.4) assures that each Qi is a 
PC-group. This proves one part of the theorem. 
Conversely suppose that G = QI. . . . .  Qr" Z(G), with the Qi as in the state- 
ment of the theorem. Then G is non-abelian. It is clear that G'= Q~..... Qr. 
Hence (4.7) yields that G' is a PC-group. Hence (3.2)(a), (3.4) and the fact that 
G=G'Z(G)  imply that G is a PC-group. This completes the proof of the 
theorem. [] 
We derive two corollaries. 
(6.5) COROLLARY. Let G--/:I be a group. Then G is a PC-group with 
Z(G) = 1 if  and only if G is a direct product of  non-abelian simple PC-groups. 
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PROOF. C lear  f rom (4.6) and the proo f  o f  (6.4). [] 
(6.6) COROLLARY. Let G be a PC-group and N~ G. Then N is a PC-group. 
PROOF. I f  G is abe l ian  there is noth ing  to prove .  So assume that  G is non-  
abe l ian  and let N~ G. F rom (2.11) it fo l lows that  G/Z(G) has tr ivial  centre,  
whence  by (6.5) we have G/Z(G) = S 1 x. . .  x Sr fo r  certa in s imple PC-groups  S i 
( i=1  . . . . .  r). Now NZ(G)/Z(G)~G/Z(G). Then f rom [8], I, Satz 9.12(b) it 
fo l lows  that  NZ(G)/Z(G) is a direct  p roduct  o f  some o f  the Si appear ing  in the 
fac tor  group G/Z(G)=SI×...  ×S r. I f  this p roduct  is empty ,  that  is 
NZ(G)/Z(G) = i ,  then Nc Z(G) and we are done.  We may there fore  suppose 
that  NZ(G)/Z(G)-~i and we use now that N/Z(N)=NZ(G)/Z(G) is a PC- 
group .  Then  fo l low the proo f  o f  (6.4) to see that  NZ(G) is a p roduct  o f  some 
o f  the Ti cor respond ing  to the Si ment ioned  above .  Because N is isocl inic to 
NZ(G) by (3.2)(a) and NZ(G) is a PC-group ,  it fo l lows f rom (3.4) that  N is a 
PC-group ,  as requi red.  [] 
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